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Abstract — A restricted two-way communication problem in a 
small network is investigated. The network consists of three 
nodes, all having access to a common channel with half-duplex 
constraint. Two nodes want to establish a dialog while the third 
node can assist in the bi-directional transmission process. All 
nodes have agreed on a transmission protocol a priori and the 
problem is restricted to the dialog encoders not being allowed 
to establish a cooperation by the use of previous receive signals. 
The channel is referred to as the restricted half-duplex two-way 
relay channel. Here the channel is defined and an outer bound on 
the achievable rates is derived by the application of the Cut-set 
Theorem. This shows that the problem consists of six parts. By 
the use of random codes and suboptimal decoders an inner bound 
on the achievable rates with decoding at the relay is established. 
Restricting to this relaying strategy and fixed input distributions 
makes it possible to determine optimal transmission schemes with 
respect to maximizing a rate objective or to minimizing a cost 
objective by solving a small-scale linear program. Simulations 
for an AWGN-channel model then show that it is possible to 
simultaneously increase the communication rate of both dialog 
messages compared to two-way communication without relay. 

Index Terms — networks, cooperation, relay, half-duplex con- 
straint, two-way channel, channel coding, resource allocation. 



I. Introduction 

In the last years it has been recognized that operating 
wireless systems in a point-to-point fashion might not be 
optimal. Other users act as interferers in the transmission 
process and are therefore equivalent to noise. It is believed 
that cooperation can outperform this competitive approach. 
One such cooperative concept, that has received increasing 
attention lately, is known as relaying. Source and destination 
connect over one or many intermediate nodes if isolated 
from each other or facing bad channel conditions for direct 
communication. The potential to further extend the efficient 
use of resources when interchanging data between two nodes 
in a bi-directional way over a relay [1] has led to a lot of recent 
works. Although, some years ago, it has been shown that with 
a careful design of transmission protocols [2], relaying can 
also be used to increase the communication rate in the presence 
of a direct path, two-way relaying is still mostly considered in 
the context of a connectivity problem, e.g., [1] [3] [4]. There 
two nodes cannot establish a direct communication and convey 
messages over a third node, the relay. Here a more general 
approach to half-duplex two-way relaying is taken. Two nodes 
that have a direct connection want to perform a dialog. It is to 
decide if a third node should join the communication process 
in order to facilitate the exchange of messages. The motivation 
to do so could be to maximize the communication rates for 
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given resources or to minimize resources for given rates. The 
ultimate solution to both problems is to use the channel in the 
most efficient way by organizing the communication process 
in the network. 

A. Wireline Example 

Consider a fully-connected wireline network with three 
nodes [5, Section 9.1]. Each node faces a half-duplex con- 
straint, i.e., it can not receive and transmit simultaneously. 
For simplicity all links support one reliable bit per channel 
use. Nodes 1 and 3 want to exchange messages (bits) while 
node 2 can assist the communication process as a relay. The 
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Fig. 1: Two-way channel (1.0 bps / 1.0 Ipb / 1.0 npb) 

simplest way to communicate is to let the dialog nodes send 
sequentially to each other while node 2 stays turned off (see 
Fig. 1). This communication strategy, referred to as two-way 
channel (TWC), allows to transmit two bits within two steps. 
The communication rate is i? = 1.0 bits per step (bps). Asking 
for the cost Ct of the communication protocol we conclude 
that two links have been used, Ct ~ 10 links per bit (Ipb) 
or two nodes have been activated, Ct — 10 nodes per bit 
(npb). A popular two-way relaying scheme [1] is provided 
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Fig. 2: Two-step scheme (1.0 bps / 2.0 Ipb / 1.5 npb) 

by the two steps of Fig. 2. For this scheme the rate stays 
at i? = 1.0 bps while the cost increases to Ct — 2.0 Ipb 
or Ct = 1-5 npb. Note that this scheme also ignores the 
possibility to use the direct path between nodes 1 and 3. An 
improvement in transmission rate is provided by the three-step 
scheme sketched in Fig. 3. The rate attains R = 1.33 bps while 
the cost is Ct = 1.5 Ipb or Ct = 1.5 npb. Alternatively, one 
could think of a different three-step scheme [6] (see Fig. 4) 
in order to activate less nodes in the communication process. 
For this protocol the rate stays at i? = 1.33 bps while the cost 
is Ct — 1-5 Ipb or Ct = 0.75 npb. Note that interestingly 
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Fig. 3: Three-step scheme (1.33 bps / 1.5 Ipb / 1.5 npb) 



with this scheme the rate is higher than in the simple two- 
way communication without relay at a lower node-based cost. 
Finally, consider a four-step scheme Uke depicted in Fig. 5. 
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Fig. 4: Three-step scheme (1.33 bps / 1.5 Ipb / 0.75 npb) 

The rate has reached i? = 1.5 bps at a cost of Ct = 1.33 Ipb 
or Ct = 1.0 npb. 
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Fig. 5: Four-step scheme (1.5 bps / 1.33 Ipb / 1.0 npb) 



B. Potentials, Critics and Outline 

The simple example given indicates that two-way relaying 
schemes on half-duplex communication systems might offer 
possibilities to enhance the performance of bi-directional 
communication even in the presence of a direct connection. 
Obviously, such wireline examples neglect the properties of 
wireless channels, i.e., links supporting asymmetric rates, 
statistical dependence of links resulting in broadcasting and 
superposition. But note that there are wireless channels that 
might allow to enforce situations similar to wireline through 
pre-coding techniques, e.g., MIMO wireless channels [7]. 
The example also suggests that treating the fully-connected 
problem like a separated two-way relay channel [4] and 
ignoring the direct path might be not optimal. This directly 
raises the following question: Which scheme is the optimal one 
for the problem sketched here and how can it be found? All 
the following is a first step towards an answer to this particular 
question. After summarizing related works, a definition of 
the communication problem is given. The Cut-set Theorem 
[8, Theorem 15.10.1] is appUed in order to derive an outer 
bound on the achievable rate pairs. Then an inner bound 
with decoding at the relay is given. We comment on the 
problem of finding optimal schemes with respect to various 
objectives for the given bounds. Subsequently, the focus Ues on 
a scalar AWGN-channel model. For simulations we determine 
the scheme that maximizes the symmetric rate of two-way 
conmiunication with decoding at the relay and visualize the 
possible performance gain. 



II. Related Work 

The relay channel was introduced in [9]. The seminal work 
[2] derives an upper bound on the capacity of the relay 
channel. Moreover, different relaying strategies are presented, 
among them the decode-and-forward strategy which is shown 
to be capacity achieving for the degraded relay channel [2, 
Theorem 1]. In [5, Section 9] relaying strategies are compre- 
hensively revised. The half-duplex relay channel is explored 
in [10]. Two-way communication channels were introduced in 
[11]. The work [1] establishes the idea of exchanging messages 
in a bi-directional way over a relay. In [3] the broadcast phase 
of the two-phase two-way relay channel (see Fig. 2) is consid- 
ered and the capacity achieving coding scheme is derived if the 
relay has available both dialog messages. Using a compress- 
and-forward strategy for this relay channel is analyzed in [12] 
while [13] and [14] show how to outperform this by using 
structured codes. [6] proposes a three-phase scheme (see Fig. 
4) and obtains the achievable rates with network coding. In 
[15] this scheme is also examined and additionally a four- 
phase scheme is put forward. [16] studies the full-duplex 
two-way relay channel while [4] focuses on a separated full- 
duplex model. [17] comes up with a deterministic approach to 
approximate the capacity of the two-way relay channel. 

III. Communication Problem 

The studied network consists of three nodes labeled by 
i = 1,2,3. Each node is only allowed to operate in half- 
duplex mode. The message W13 is to be communicated from 
node 1 to node 3 and the message W31 from node 3 to 
node 1. Node 2 has no own message. The two messages 
are considered to be independent and drawn from uniform 
distributions. Each node i is equipped with an input Xi to 
and an output Yi from a common channel (see Fig. 6). The 
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Fig. 6: Half-Duplex Two- Way Relay Channel 

channel is time-invariant, discrete and memoryless. In contrast 
to the full-duplex model [16], a network state variable S 
determines the receive-transmit configuration of the network 
nodes. Therefore, the channel can be defined as 

{Xi X A'2 X Xri,P{yiy2y3\xiX2X3s),yi x 3^2 x 3^3, «5) (1) 

where Xi,yi are finite input and output alphabets. The network 
state variable S := [Si S2 S^j with Sj S {0, 1} imposes 
the following restrictions on the output values and the input 
distributions 



if 
if 



Si = 
Si = 1 



i = 1,2,3 (2) 



with "0" being understood as a deactivation symbol. As the 
network state is determined by three binary variables the 
alphabet <S can contain at the utmost eight symbols. In the 
following, fixed input distributions for each individual network 
state are assumed. This excludes the use of time-sharing 
techniques on the input distributions. According to standard 
assumptions, all nodes have available the codebooks used in 
the network and the conditional distribution characterizing the 
channel. The communication process is neither limited by 
delay nor complexity. 



A. Restricted Codes 

Consider n channel uses, a scheme s" and a choice of 2 < 
L < 8 used network states. Sk takes values in S . {1, . . . , L} 
and determines the individual network state s for the k-\h of n 
channel uses. A code of length n and rate R = [R13 R31] 
consists of two message sets 

Wi3 = {l,...,2"^^^}, W3i = {l,...,2"«=*i}, (3) 



two encoding functions 

/i : W13 X 5" ^ X^, 
a set of relaying functions 



/s : W31 X .S" ^ A"; 



3 ' 



(4) 



must satisfy 

Ri3 < nI{Xl 



(6).v(6)|y(6)^ 



+ r3/(xP);y(^)|xf)+ 



+ r67(xf)xf;yf) 
R31 < T2liXP;Yl^^Y^^^) + T3l{xi^^;Y^'^\x['^)+ 



R3I < T2l{X^ 



(2).y(2) 



where < r; and U ^ ^■ 



Here it shows up that the problem contains six separate parts 
without specific order. Three parts where one node sends to 
two other nodes and three parts where two nodes send to one 
node. The network configurations where all nodes transmit or 
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) (5) 



and two decoding functions 



gi : X 5" X Wi3 ^ W31 
53 : X 5" X W31 ^ W13. 



(6) 



The code is restricted as the encoding functions are indepen- 
dent of previous receive signals. In the following n; denotes 
the number of occurrences of the network state I in n channel 
uses and r; is defined as ti =ni/ n. 



IV. Outer Rate Bound 

The Cut-set Theorem is applied to outer bound the 
achievable rates. The proof is given in the appendix. 

Theorem 1: All rate pairs of the discrete memoryless re- 
stricted half-duplex two-way relay channel that are achievable 
for some joint probability distributions 
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Fig. 7: Relevant network states 



receive do not offer a positive information flow in the network. 
Note that for any scheme which uses less than the six relevant 
network states an individual performance outer bound can be 
derived without further proof by setting the probability of 
unused network states to zero, i.e., Ps{l) = r; = 0. 

V. Inner Rate Bound 

Now the achievable rates with a scheme that uses all six 
relevant network states are derived. The coding proof is 
outlined in the appendix. 

Theorem 2: All rate pairs of the discrete memoryless re- 
stricted half-duplex two-way relay channel that satisfy 



i?i3 < Ti7(xf F^^^^) + T3/(xr; i^r)+ 



(3). v(3)|y(3)^ 



^T,I{xf^-Y^''^ 



+ re/(xf)xf;yi«)) 

+ T5/(xf);y/^)|xf)) 

i?3i<r2/(xf;y(^)) + r4/(xW;y/^))+ 
-hr5/(xfxf;y/^)) 



subject to 

Ri3 + Rsi < Ti7(xf + T2/(xf ; F^^'V 

+ TsI{x['^X^'^;Yj'^) + T5/(xf ; )+ 
+ r67(xf);F3(^)|xf) 

with < T; and Tl ^ for some joint probability 

distributions 

p(x(^)xi%(^)) = p(4'^y(4^Vf )p(2/f^i4'^^4'^^) 
p(4«)x(%,f ) = p(4«))p(4«)|4«))p(,f )|4«)4«)) 

are achievable with a decode-and-forward (DF) strategy. 



the nodes to perform other communication tasks for the rest 
of the time. The two-way relaying problem has been stated 
under the assumption that the nodes are not allowed to transmit 
and receive at the same time. Although a rigorous proof 
would require block-Markov arguments as used in [2], the 
achievable rate expressions hold also for frequency-division 
duplex (FDD) systems where the different communication 
parts are carried out in parallel on orthogonal frequencies [10]. 
For band-limited Gaussian channels [8, Section 9.3], n can 
be reinterpreted as the bandwidth coi associated with the Z-th 
network state. Therefore, one might want to maximize a rate 
objective by allocating the optimal bandwidth to each of the 
communication parts. A reasonable cost problem might be to 
minimize the overall used bandwidth for given rates. 



VII. Gaussian Two-Way Relay Channel 



VI. Linear Resource Allocation Problems 

Assuming fixed input distributions the mutual informations 
of the outer and iimer bound are constant and only the 
right time-allocation 77 for I = 1,...,L has to be found. 
Fortunately, for various objectives this problem can be stated 
as a small-scale linear program of the form 



Now we consider a scalar AVVT?A^-channel model where an 
active output at node j in phase I has the form 



i=l 



(10) 



max or mm c x 



s.t. Ax < b,0 < X, const{x) 



(7) 



where const{x) denotes that additional constraints on x are 
satisfied, e.g., discrete time-lengths. Possible rate objectives 

are for example 

PSRMAX = m^x{Pi3 + i?3i} 

-RwsRMAX = max{APi3 + (1 - A)P3i} A S [0, 1] 



-Rmaxmin = max{min(Pi3,P3i)}. 



(8) 



If one is interested in minimizing resources or cost for certain 
rates R = [P13 P31] one solves 



Ctcmin — rtun Ct{R) 



(9) 



by a linear program after having associated a cost c; with each 
phase I of unit duration. Solving the time-allocation problem 
can result in some phases to be turned off and therefore gives 
the optimal scheme for the considered relaying strategy. Note 
that changing the order of the six phases or splitting them up 
and permuting the individual parts in an arbitrary way will not 
result in a better performance as the problem is restricted and 
all nodes have agreed on the scheme a priori. 

A. Resource Allocation for Wireless Systems 

For time-division duplex (TDD) systems the allocation of 
time-lengths to the individual phases might have relevance 
in order to maximize one of the mentioned rate objectives 
while the channel is used all the time. An example for a 
cost problem might be to minimize the overall duration of 
the two-way communication for certain rates in order to allow 



with x^P , y^p , z^p , hij e C and the additive Gaussian noise 
Zp being independent, zero mean and of unit variance, i.e., 

Zp^ ~ A/c(0, 1). The active input distributions are Umited by 
a per-symbol power constraint 
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Vi = 1,2,3 



(11) 



and the input variables have the form 
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^ifP\Wis) - l)PifP\w,3) (12) 



with encoding functions jf^ A/c(0, 1). Parameters /?, 7 € 
[0; 1] control coherent signaling of nodes 3 and 1 with node 



2. The achievable rates are 

i?13 <nl0g (l + |/ll2|^Pl) +r3l0g (l + |/ll2|^Pl) + 
+ T6l0g(l+|/li3|'(l-7)A) 

i?13 <Til0g (l + |/li3|'Pl) +T4l0g(l + |/l23|'P2) + 

+ re log (l + l/iial' Pi + |/i23|^ ^2 + 2 1/113/123! V7AP2) 

i?31 < T2 log (1 + |/l32|' P3) + r3 log (l + I/I32I' P3) + 

+ T5l0g(l + |/l3i|'(l-^)P3) 
P3I < r2l0g (1 + |/I3l|'f3) +r4l0g (1 + |/l2l|'P2) + 

+ T5 log (1 + |/l3l|^ P3 + |/l2l|^ P2 + 2 |/l3l/l2l| VPP2P3) 

Pl3 + i?31 <Tilog(l + |/ll2|'Pi) +T2log (1+ |/l32|'P3) 
+ T3 log (1 + |/li2|' Pi + |/i32|' ^3) + 
+ T5l0g(l + |/l3l|'(l-/3)P3) + 

+ T6l0g(l + |/li3|^l-7)A). (13) 

VIII. Simulations 

For simulations a plane-network model [18] is used where 
the positions Pj of node 1 and 3 are fixed to Pi = [O O] 
Pg = ^ O] and node 2 can be placed at position P2 = 
[x y] with x,y & (—00,00). The channel coefficient 

hij = 1/4 (14) 

is determined by the path-loss exponent a and the distance 
dij between nodes i and j . For a scenario with a = 3 and 
a power constraint Pj = 10 Uke used in [16], we move the 
relay to different positions, sample over the parameters /?, 7 
and solve time allocation with the objective of maximizing 
the symmetric two-way rate Pmaxmin- After sampUng we 
pick (3*, J* in conjunction with the time allocation solution 
T* that yield the highest symmetric rate. Note that if, due 
to system constraints, coherent signaling of two nodes is not 
possible one sets /3 = 7 = and solves the problem at each 
position by one linear program. Fig. 8 shows the achievable 
rate gain compared to two-way communication without relay. 
It shows up that in the area between the nodes an increase in 
symmetric rate of 25 to 50 percent is possible. Fig. 9 compares 
the achievable symmetric rates with their upper bound. This 
shows that with the relay being located in the middle between 
the two dialog nodes still an improvement of 20 percent might 
be possible with other relaying strategies. For the other regions 
DF performs within 10 percent distance to the upper bound. 

IX. Conclusion 

The problem of exchanging messages between two nodes 
in a fully-connected half-duplex three-node network has been 
defined and an outer bound on the achievable rates has been 
derived. This bound alludes to a scheme that takes into 
account all possible network states that are relevant. For such 
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Fig. 8: Pmaxmin DF/TWC 




Fig. 9: Pmaxmin 



a scheme a coding procedure with decoding at the relay 
has been proposed. For fixed input distributions the optimal 
time-allocation to the individual network states can be found 
at very low complexity. The relevance of this property for 
wireless systems has been outlined. Simulations for the estab- 
lished communication protocol show a significant increase in 
symmetric rate compared to two-way communication without 
relay. This provides the inside that two-way relaying can also 
be used to improve the system performance in half-duplex 
wireless scenarios without connectivity problem. 



Appendix A 
Outer Bound on the Achievable Rates 

Consider a full-duplex three-node network and the two 
possible cut-set partitions fti, separating nodes 1 and 3. 
Under the assumption of zero-error codes it holds with the Cut- 
set Theorem [8, Theorem 15.10.1] that the achievable rates are 



outer bounded by 

Qi: Ri3 < I{X,;Y2Y3\X2X3) 

i?3i </(M3;yi|Xi) 

fl2: Ri3 < HXiX2;Y3\X3) 

R31 < I{X3;YiY2\XiX2) (15) 

for some joint input distribution P{xi,X2,X3). As here the 
encoders are not allowed to cooperate, the marginal P{x-i,xs) 
is restricted to distributions P(a;i,.X3) = P{xi)P{x3). In- 
troducing a state variable S known by all nodes, taking 
values in <S : {1, . . . , L} and being distributed according to 
Ps{l) = ^ = T; the rate constraints can be written as 

L 

Ri3 < J2Ps{l)i{xi'^;Y^'^Yi'^\x^'^x!,'^s = I) 
1=1 

L 

Ri3 < J2Ps{l)I{x['^xi'^;Y^'^\xi'^S = I) 
1=1 

L 

1=1 

L 

i?3i < $^Ps(0^(^f = I)- (16) 

1=1 

Agreeing to use L = 8 network states, here defined as 
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: s = 
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1 = 5: 


: s = 
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1 = 2: 


: s = 


[0 
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1 = 6: 


: s = 


[1 
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1 = 3: 


: s = 


[1 





1] 


1 = 7: 


: s = 


[1 


1 




1 = 4: 


: s = 


[0 
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0] 


1 = 8: 


: s = 


[0 









I] , (17) 



establishes the theorem. ■ 



Appendix B 

Achievable Rates with Decode- and-Forward 

For the proof it is assumed that the transmission is per- 
formed with n > 6 channel uses and six subsequent phases, 
each with an individual network state, i.e., L = 6. Phase I 
features n; > 1 transmission slots and X]f=i '^z = n. If n 
grows each m is assumed to grow at the same speed. For 
large n, ^ -> t; > 0. The codebooks are labeled by M = 12 
indices 

w„ = 1,...,2"^'" m=l,...,M (18) 
and Wmii) denotes the estimate of the m-th index at node i. 

1) Codebook Construction: Generate 2"(^i+^2+fl3) 
m-sequences Xi^{'Wi,'W2,W3) by choosing each 
independently according to P-^m{-). Generate 2"(^7+K8+«9) 

n2-sequences x"^ (iwy, lUg, wg) by choosing each ( 
independently according to Py(2)(-). Generate 2"(^*'+^f*) 71.3- 

sequences x^^ {wi^w^) by choosing each x\ f. independently 
according to Py(3)(-). Generate 2"(^i''+^") ns-sequences 

x^'^iwwjWii) by choosing each .Xg"^], independently 
according to Py(3)(-)- Generate 2"(^i+^*+-f*7+-Rio) m-seq. 



a;2*(wi,W4,u'7, wio) by choosing each x^l independently 
according to P (4)(-). Generate 2"^^*'+^"^ ris-sequences 

X2^{'Ws„Wii) by choosing each x^^k independently 
according to P„(5)(-). For each x^^iw^^wu) generate 
2n«i2 ns-sequences ^3^(^8,^11, W12) by choosing each 
x^^\ independently according to -Py(5)|jY(5) (•|a;2^].). Gen. 

2n(-R2+i?5) ng-sequences (u>2, W5) by choosing each Xj^], 
independently according to P„(6)(-). For each X2^{'W2,'W^) 
generate 2"^^ ne-sequences a;"^(w2, W5,tU6) by choosing 
each xfl independently according to -Py(6)|^(6) 

2) Input at node 1: The message W13 is reindexed by 

(wi, W2, W3, W4, W5, wg). Node 1 transmits a;"^ (wi, W2, W3), 
x1^{'Wi,W5) and x'1^{'W2,W5,'Wq). 

3) Input at node 3: The message W31 is reindexed 
by {wT,ws,wg,wio,wii,wi2)- Node 3 transmits 

x^^{wT,ws,wg), x'^=^{wio,wii) and Xg^ (ws, wn, ■u;i2). 

4) Output at node 2: The sequences 2/2 ^ 2/2^ 2/2^ ^re 
observed. After that node 2 tries to find a {wi,W2,ui3) such 
that 

(x^'iwuW2,ws),yT) eTJ*i(P^(i)yw). (19) 

If there is none or more than one such W2, W3) an 
error is declared. Otherwise, the found (?Z>i, 72)2, W3) is the 
estimate (wi(2), W2(2), W3(2)). Then node 2 tries to find a 
{wt, ws,W9) such that 

(x^'{wr,W8,ws),y^'^ e Tf=(P_^(2)^^(2,). (20) 

If there is none or more than one such (wr, tDg, wg) an 
error is declared. Otherwise, the found {wtjWstWo) is the 
estimate {wj{2),ws{2),'Wg{2)). Then node 2 tries to find a 

{11)4, u>5, ww,uiii) such that 

(^x"^(w4,W5),a;3^('ii'io,'Wii),y2^) G ir^l-P^f 'jcf r^'^**)- 

' (21) 

If there is none or more than one such {W4, W5, Wio, Wn) an 
error is declared. Otherwise, the found (^4, ^5, Wio, Wii) is 
the estimate (^4(2), ^5(2), wio(2), wii(2)). 

5) Input at node 2: Node 2 sends the sequences 
x^*(7i;i(2),u>4(2),7«7(2),M)io(2)), x^^(u>8(2),u>ii(2)) and 
a;^«(t«2(2),t«5(2)). 

6) Output at node 1: The sequences y"^, t/"" and y"^ are 
observed. After that node 1 tries to find a (wy, w\o) such that 

(^X2''(wi, W4,W7,'Wlo),J/i'') (Py (4) ^^(4)). (22) 

If there is none or more than one such (wt,wiq) an error 
is declared. Otherwise, the found (u;7,w;io) is the estimate 
(^7(1), wio(l)). Then node 1 tries to find a {ws,wi\) such 
that 

(x'i' (tSs, 7i;ii), e TJ^H^'xf )y/^))- (23) 



If there is none or more than one such (x&SjWn) an error 
is declared. Otherwise, the found {ws,u>ii) is the estimate 
(w8(l),«'ii(l))- Then node 1 tries to find a Wi2 such that 

(xr (M^), mi{l),m2),x^' {M^),mi (l)), ) 

eTf=(P„(5)„(5)^(5)). (24) 

If there is none or more than one such Wi2 an error is declared. 
Otherwise, the found wi2 is the estimate ^12(1). Finally node 
1 tries to find a wg such that 

(a;^=(w)7(l),^i'8(l),w)9),2/r) eTf^(Py(2)^(2)). (25) 

If there is none or more than one such wg an error is 
declared. Otherwise, the found wg is the estimate ^9(1). 
The message estimate W3i(l) is found by reindexing 

(W7(l), W8(l), ^9(1), Wio(l), Wll(l),U'12(l))- 

7) Output at node 3: The sequences r/."^ y"* and t/g" are 
observed. After that node 3 tries to find a {wi,W4) such that 

(x^'{wuW4,wr,wio),ys') eT;^*(P^(4)y^(4)). (26) 

If there is none or more than one such {wi,W4) an error 
is declared. Otherwise, the found (ti;i,ti;4) is the estimate 
(wi(3), ^4(3)). Then node 3 tries to find a {1112, UI5) such 
that 

{x^'{w2,W5),y^') € r;^H^x(«)rf))- (27) 

If there is none or more than one such {u>2,'W5) an error 
is declared. Otherwise, the found {w2,u)5) is the estimate 
(w2(3), ^5(3)). Then node 3 tries to find a we such that 

eTf^(P„(6)„(6)„(6)). (28) 

^1 ^2 ^3 



If there is none or more than one such wq an error is declared. 
Otherwise, the found wq is the estimate ?D6(3). Finally node 
3 tries to find a ws such that 

(^x^'{M^),W2{^),W3),yT) ^T^^'iPxl'^Y^'^)- (29) 

If there is none or more than one such ^3 an error is 
declared. Otherwise, the found W3 is the estimate ^3(3). 
The message estimate i()i3(3) is found by reindexing 

{wi (3) , W2 (3) , W3 (3) , Wi (3) , W5 (3) , lie (3) ) . 

8) Error Analysis: The average error probability P,, can be 
upper bounded by the sum of the individual decoding error 
probabilities each calculated under the assumption that all 
prior decoding steps in the network have been performed error- 
free. According to the properties of e-letter typical sequences 
[5], the probabiUties of the individual errors can be made 
arbitrarily small by choosing n sufficiently large, e > but 



small, while the rate constraints 

i^l + i^2 + i^3<Tl7(x^'^yi'^) 

RT + Rs + Rg< T27(xf ^ y2^')) 

i?4 + P5<T3/(Xp^F2(3)|Xf ) 

Rw + Rn < T3/(xf ^ r2('^ |xf 

R4 + R5+ Rw + Rn < T3/(Xp)xf y2^^)) 



(30) 



(31) 



(32) 



at node 2, 

Rs + Rn<r5l{xi^^;Yl^^) 

Rg<T2l{XP;Yl^^) 

at node 1 and 

Ri+R4<T4l{X^'^^;Y^^^) 

Rs<TeI{x['^;Yi'^\xi'^) 
i?3<Ti7(X«;F3«) 

at node 3 are satisfied. Using the fact that 

-R13 = Ri + R2 + R3 + Ra + 7^5 + -Re 

-R31 = -R7 + ^^8 + ^^9 + ^^10 + Rn + ^^12 (33) 

shows that 

i?i3 < ri7(X«;F«) +T37(Xp);F2(')|xf )+ 

P,3 < n/(x(^); ri^)) + r4/(xf; ri^)) + r6/(xf ; 
+ re/(xf);yf)|xf) 

Rsi < r2/(xf ;yi'VT3/(xf ;F2('^|xPV 

P31 < r27(xf ); + rJ{xi'^;Y^'^) + r57(xf ; f/^V 
+ T5/(xf ;y/^)|x(^)) (34) 

subject to 

Ri3 + R31 < nIix['^;Y^^'^) + r2/(xf ^ y2^'))+ 



+ T67(x('^);Ff)|xf ). 



(35) 



must be satisfied in order to allow reliable communication over 
the two-way relay channel. ■ 

Acknowledgment 

The presented results are part of the author's diploma thesis. 
Therefore, he would like to thank the Associate Institute for 
Signal Processing and the Institute for Circuit Theory and 
Signal Processing at Technische Universitat Miinchen, for 
hosting him during this work. 



References 



[1] B. Rankov and A. Wittneben, "Spectral Efficient Signaling for Half- 
duplex Relay Channels", Conference Record of the Thirty-Ninth Asilo- 
mar Conference on Signals, Systems and Computers, Pacific Grove, CA, 
pp. 1066-1071, 2005 

[2] T. Cover and A. E. Gamal, "Capacity theorems for the relay channel", 
IEEE Transactions on Information Theory, vol. 25, no. 5, pp. 572-584, 
1979 

[3] T. J. Oechtering, C. Schnurr, I. Bjelakovic and H. Roche, "Broadcast 
Capacity Region of Two-Phase Bidirectional Relaying", IEEE Transac- 
tions on Information Theory, vol. 54, no. 1, pp. 454-458, 2008 

[4] D. Giindiiz, E. Tuncel and J. Nayak, "Rate regions for the separated 
two-way relay chaimel", in Proc. 46th Annual Allerton Conference on 
Communication, Control and Computing, pp. 1333-1340, 2008 

[5] G. Kramer, "Topics in Multi-User Information Theory", Foundation and 
Trends in Communications and Information Theory, vol. 4, no. 4—5, pp. 
265^144, 2008 

[6] R Popovski and H. Yomo, "Physical Network Coding in Two-Way 

Wireless Relay Channels", ICC '07. IEEE International Conference on 

Communications, 2007 
[7] C.K. Lo, S. Vishwanath and R.W. Heath, Jr., "Rate Bounds for MIMO 

Relay Channels Using Precoding", IEEE Globecom, vol. 3, pp. 1172- 

1176, 2005. 

[8] T. Cover and J. A. Thomas, "Elements of Information Theory", Second 

Edition, Wiley-Interscience, 2006 
[9] E. C. van der Meulen, "Three-terminal communication channels". Ad- 
vances in Applied Probability, vol. 3, no. 1, pp. 120-154, 1971 

[10] A. Host-Madsen and J. Zhang; , "Capacity bounds and power allocation 
for wireless relay chaimels,", IEEE Transactions on Information Theory, 
vol.51, no.6, pp.2020-2040, 2005 

[11] C. E. Shaimon, "Two-way Conununication Channels", Proc. Fourth 
Berkeley Symp. on Math. Statist, and Prob., vol. 1, pp. 611-644, 1961 

[12] C. Schnurr, T. J. Oechtering and S. Stanczak, "Achievable Rates for the 
Restricted Half-Duplex Two-Way Relay Channel", Conference Record of 
the Forty-First Asilomar Conference on Signals, Systems and Computers, 
pp. 1468-1472, 2007 

[13] W. Nam, S.-Y. Chung, and Y. H. Lee, "Capacity Bounds for Two-Way 
Relay Channels", IEEE International Zurich Seminar on Communica- 
tions, pp. \AA-U1, 2008 

[14] M. P. Wilson, K. Narayanan, H. D. Pfister, A. Sprintson, "Joint Physical 
Layer Coding and Network Coding for Bidirectional Relaying", IEEE 
Transactions on Information Theory, vol. 56, no. 11, pp. 5641-5654, 
2010 

[15] C. Schnurr, "Achievable Rates and Coding Strategies for the Two-Way 
Relay Channel", Doktorarbeit, Technische Universitat Berlin, Germany, 
2008 

[16] B. Rankov and A. Wittneben, "Achievable Rate Regions for the Two- 
way Relay Chaimel", Proc. IEEE Int. Symposium on Information Theory 
(ISTT), Seattle, USA, pp. 1668-1672, 2006 

[17] A. S. Avestimehr, A. Sezgin and D. N. C. Tse, "Approximate capacity 
of the two-way relay channel: A deterministic approach", in Proc. 46th 
Annual Allerton Conference on Communication, Control and Comput- 
ing, 2008 

[18] G. Kramer, M. Gastpar and P. Gupta, "Cooperative Strategies and Capac- 
ity Theorems for Relay Networks", IEEE Transactions on Information 
Theory, vol. 51, no. 9, pp. 3037-3063, 2005 



